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Abstract
We onsider the omplexity of Delaunay triangulations of
sets of points in IR
3
under ertain pratial geometri
onstraints. The spread of a set of points is the ratio between
the longest and shortest pairwise distanes. We show that
in the worst ase, the Delaunay triangulation of n points
in IR
3
with spread ∆ has omplexity Ω(min{∆3, n∆, n2})
and O(min{∆4 , n2}). For the ase ∆ = Θ(
√
n), our lower
bound onstrution onsists of a uniform sample of a smooth
onvex surfae with bounded urvature. We also onstrut a
family of smooth onneted surfaes suh that the Delaunay
triangulation of any good point sample has near-quadrati
omplexity.
1 Introduction
Delaunay triangulations and Voronoi diagrams are used
as a fundamental tool in several geometri appliation
areas, inluding nite-element mesh generation [16, 21,
27, 28℄, deformable surfae modeling [15℄, and surfae
reonstrution [1, 3, 4, 5, 12, 26℄. Many algorithms in
these appliation domains begin by onstruting the
Delaunay triangulation of a set of n points in IR3.
Delaunay triangulations an have omplexity Ω(n2) in
the worst ase, and as a result, all these algorithms
have worst-ase running time Ω(n2). However, this
behavior is almost never observed in pratie exept
for highly-ontrived inputs. For all pratial purposes,
three-dimensional Delaunay triangulations appear to
have linear omplexity.
One way to explain this frustrating disrepany be-
tween theoretial and pratial behavior would be to
identify geometri onstraints that are satised by
real-world input and analyze Delaunay triangulations
under those onstraints. These onstraints would be
∗
Portions of this work were done while the author was
visiting INRIA, Sophia-Antipolis, with the support of a
UIUC/CNRS/INRIA travel grant. This researh was also par-
tially supported by a Sloan Fellowship and by NSF CAREER
grant CCR-0093348. See http://www.s.uiu.edu/~jee/pubs/
spread.html for the most reent version of this paper.
similar to the realisti input models suh as fatness or
simple over omplexity, whih many authors have used
to develop geometri algorithms with good pratial
performane [8, 29℄. Unlike these works, however, our
(immediate) goal is not to develop new algorithms, but
rather to formally explain the good pratial perfor-
mane of existing ode.
Dwyer [20, 19℄ showed that if a set of points is
generated uniformly at random from the unit ball, its
Delaunay triangulation has linear expeted omplexity.
Golin and Na [24℄ reently derived a similar result for
random points on the surfae of a three-dimensional
onvex polytope. Although these results are enourag-
ing, they are unsatisfying as an explanation of pratial
behavior. Real-world surfae data generated by laser
range nders, digital ameras, tomographi sanners,
and similar input devies is often highly strutured.
This paper onsiders the omplexity of Delaunay
triangulations under two types of pratial geometri
onstraints. First, in Setion 2, we onsider the worst-
ase Delaunay omplexity as a funtion of both the
number of points and the spread|the ratio between
its diameter and the distane between its losest pair.
For any n and ∆, we onstrut a set of n points with
spread ∆ whose Delaunay triangulation has omplexity
Ω(min{∆3, n∆, n2}). When ∆ = Θ(
√
n), our lower
bound onstrution onsists of a grid-like sample of a
right irular ylinder with onstant height and radius.
We also show that the worst-ase omplexity of a
Delaunay triangulation is O(min{∆4, n2}).
An important appliation of Delaunay triangulations
that has reeived a lot of attention reently is surfae
reonstrution|given a set of points from a smooth
surfae Σ, reonstrut an approximation of Σ. Several
algorithms provably reonstrut surfaes if the input
points satisfy ertain sampling onditions [4, 5, 12, 26℄.
In Setion 3, we onsider the omplexity of Delaunay
triangulations of good samples of smooth surfaes.
Not surprisingly, oversampling almost any surfae an
produe a point set whose Delaunay triangulation has
quadrati omplexity. We show that even surfae data
with no oversampling an have quadrati Delaunay
triangulations and that there are smooth surfaes where
every good sample has near-quadrati Delaunay om-
plexity. We also derive similar results for randomly
distributed points on non-onvex smooth surfaes.
We will analyze the omplexity of three-dimensional
Delaunay triangulations by ounting the number of
edges. Two points are joined by an edge in the Delaunay
triangulation of a set S if and only if they lie on a sphere
with no points of S in its interior. Sine every vertex
gure is a planar graph, Euler's formula implies that a
Delaunay triangulation with n verties and e edges has
at most 2e − 2n triangles and e− n tetrahedra.
In the interest of saving spae, several straightforward
but tedious alulations are omitted from this extended
abstrat.
2 Sublinear Spread
We dene the spread ∆ of a set of points (also alled the
distane ratio [17℄) as the ratio between the longest and
shortest pairwise distanes. In this setion, we derive
upper and lower bounds on the worst-ase omplexity
of the Delaunay triangulation of a point set in IR
3
, as a
funtion of both the number of points and the spread.
If the spread takes its minimum value Θ(n1/3), the
points are paked into a tight lattie, and the Delaunay
triangulation has only linear omplexity. On the other
hand, all known examples of point sets with quadrati-
omplexity Delaunay triangulations have spread Ω(n).
Thus, it is natural to ask how the worst-ase omplexity
of the Delaunay triangulation hanges as the spread
varies between these two extremes. The spread of a set
of points is loosely related to its dimensionality. If a set
uniformly overs a bounded region of spae, a surfae
of bounded urvature, or a urve of bounded urvature,
its spread is respetively Θ(n1/3), Θ(n1/2), or Θ(n).
The ase of surfae data is partiularly interesting in
light of numerous algorithms that reonstrut surfaes
using a subomplex of the Delaunay triangulation. We
will disuss surfae reonstrution in more detail in the
next setion.
2.1 Lower Bounds
The ruial speial ase of our lower bound onstrution
is ∆ = Θ(
√
n). For any positive integer x, let [x]
denote the set {1, 2, . . . , x}. Our onstrution onsists
of n evenly spaed points on a helial spae urve:
S√n =
{(
t
n
, os
t√
n
, sin
t√
n
) ∣∣∣∣ t ∈ [n]
}
.
See Figure 1. As we show below, the Delaunay
triangulation of S√n has omplexity Ω(n
3/2). Note
that S is a grid-like uniform ε-sample of a right irular
ylinder, where ε = Θ(
√
1/n). By adding additional
points on two hemispherial aps at the ends of the
ylinder, we an extend S into a uniform sample of
a smooth onvex surfae with bounded urvature and
onstant loal feature size.
Figure 1. A set of n points whose Delaunay triangulation has
complexity Ω(n3/2)
Let hα(t) denote the helix (αt, os t, sin t), where
α > 0 is a xed parameter alled the pith. Using ele-
mentary trigonometri identities and matrix operations,
we an simplify the insphere determinant for ve points
on this helix as follows.∣∣∣∣∣∣∣∣∣∣∣
1 αt1 os t1 sin t1 α
2t21 + os
2 t1 + sin
2 t1
1 αt2 os t2 sin t2 α
2t22 + os
2 t2 + sin
2 t2
1 αt3 os t3 sin t3 α
2t23 + os
2 t3 + sin
2 t3
1 αt4 os t4 sin t4 α
2t24 + os
2 t4 + sin
2 t4
1 αt5 os t5 sin t5 α
2t25 + os
2 t5 + sin
2 t5
∣∣∣∣∣∣∣∣∣∣∣
= α3
∣∣∣∣∣∣∣∣∣∣
1 t1 os t1 sin t1 t
2
1
1 t2 os t2 sin t2 t
2
2
1 t3 os t3 sin t3 t
2
3
1 t4 os t4 sin t4 t
2
4
1 t5 os t5 sin t5 t
2
5
∣∣∣∣∣∣∣∣∣∣
We obtain the surprising observation that hanging the
pith α of the helix does not hange the ombinatorial
struture of the Delaunay triangulation of any set of
points on the helix. (More generally, saling any set
of points on any irular ylinder along the ylinder's
axis leaves the Delaunay triangulation invariant.) Thus,
for purposes of analysis, it suÆes to onsider the ase
α = 1. Let h(t) = h1(t) = (t, os t, sin t).
Our rst important observation is that any set of
points on a single turn of any helix has a neighborly
Delaunay triangulation, meaning that every pair of
points is onneted by a Delaunay edge. For any real
value t, we dene the bitangent sphere β(t) as the
2
unique sphere passing through h(t) and h(−t) and
tangent to the helix at those two points.
Lemma 2.1. For any 0 < t < pi, the sphere β(t)
intersets the helix h only at its two points of tangeny.
Proof: Symmetry onsiderations imply that the bitan-
gent sphere must be entered on the y-axis, so it an be
desribed by the equation x2+(y−a)2+z2 = r2 for some
onstants a and r. Let γ denote the intersetion urve
of β(t) and the ylinder y2+z2 = 1. Every intersetion
point between β(t) and the helix must lie on γ. If we
projet the helix and the intersetion urve to the xy-
plane, we obtain the sinusoid y = osx and a portion of
the parabola y = γ(x) = (x2 − r2 + a2 + 1)/2a. These
two urves meet tangentially at the points (t, os t) and
(−t, os t).
Figure 2. The intersection curve of the cylinder and a bitangent
sphere projects to a parabola on the xy-plane.
The mean value theorem implies that γ(x) = osx at
most four times in the range −pi < x < pi. (Otherwise,
the urves y ′′ = − osx and y ′′ = γ ′′(x) = 1/a would
interset more than twie in that range.) Sine the
urves meet with even multipliity at two points, those
are the only intersetion points in the range −pi < x <
pi. Sine γ(x) is onave, we have γ(±pi) < os±pi =
−1, so there are no intersetions with |x| ≥ pi. Thus, the
urves meet only at their two points of tangeny. 
Corollary 2.2. Any set S of n points on the helix h(t)
in the range −pi < t < pi has a neighborly Delaunay
triangulation.
Proof: Let p and q be arbitrary points in S, and let β
be the unique ball tangent to the helix at p and q. By
Lemma 2.1, β does not otherwise interset the helix
and therefore ontains no point in S. Thus, p and q are
neighbors in the Delaunay triangulation of S. 
We an now easily omplete the analysis of our
helial point set S√n. Lemma 2.1 implies that every
point in S√n is onneted by a Delaunay edge to
every other point less than a full turn around the
helix h√1/n(t), and eah full turn of the helix ontains
⌊2pi√n⌋ points. Thus, the number of edges in the
Delaunay triangulation of S√n is at least 2pin
3/2−Θ(n).
Theorem 2.3. For any n, there is a set of n points
in IR
3
with spread
√
n whose Delaunay triangulation
has omplexity Ω(n3/2). Moreover, this point set is
a uniform sample of a smooth onvex surfae with
onstant loal feature size.
We an generalize our helix onstrution to other
values of the spread ∆ as follows.
Theorem 2.4. For any n and ∆ = Ω(n1/3), there is a
set of n points in IR3 with spread ∆ whose Delaunay
triangulation has omplexity Ω(min{∆3, n∆, n2}).
Proof: There are three ases to onsider, depending on
whether the spread is at least n, between
√
n and n,
or at most
√
n. The rst ase is trivial. For the ase√
n ≤ ∆ ≤ n, we take a set of evenly spaed points on
a helix with pith ∆/n:
S∆ =
{(
t
n
, os
t
∆
, sin
t
∆
) ∣∣∣∣ t ∈ [n]
}
.
Every point in S∆ is onneted by a Delaunay edge to
every other point less than a full turn away on the helix,
and eah turn of the helix ontains Ω(∆) points, so
the total omplexity of the Delaunay triangulation is
Ω(n∆).
The nal ase n1/3 ≤ ∆ ≤ √n is slightly more
ompliated. Our point set onsists of several opies
of our helix onstrution, with the helies positioned at
the points of a square lattie, so the entire onstrution
loosely resembles a mattress. Speially, S∆ is the set{(
t
r
, 4i+ os
t√
r
, 4j + sin
t√
r
) ∣∣∣∣ t ∈ [wr]; i, j ∈ [w]
}
,
where r and w are parameters to be determined shortly.
This set ontains n = w3r points. The diameter of S∆
is Θ(w) and the losest pair distane is Θ(1/
√
r), so
its spread is ∆ = Θ(w
√
r). Thus, given n and ∆, we
have w = Θ(n/∆2) and r = Θ(∆6/n2). Straightforward
alulations imply that for all t < pi/4 and α < 1, the
bitangent sphere βα(t) has radius less than 2. Sine
adjaent helies are separated by distane 2, every
point in S∆ is onneted in the Delunay triangulation
to every point at most half a turn away in the same
helix. Eah turn of eah helix ontains Ω(
√
r) points,
so the Delaunay triangulation of S∆ has omplexity
Ω(n
√
r) = Ω(∆3). 
2.2 Upper Bounds
Let B be a ball of radius R in IR3, and let b1, b2, b3, . . .
be balls of radius at least r, where 1 ≤ r ≤ R. Our upper
bound proof uses the following geometri properties of
the `Swiss heese' C = B \
⋃
i bi. See Figure 3.
3
Figure 3. Swiss cheese (in IR2)
Lemma 2.5. The surfae area of C is O(R3/r).
Proof: The outer surfae ∂C ∩ ∂B learly has area
O(R2) = O(R3/r), so it suÆes to bound the surfae
area of the `holes'. For eah i, let Hi = B ∩ ∂bi be the
boundary of the ith hole, and let H =
⋃
iHi = ∂C\∂B.
For any point x ∈ H, let sx denote the open line segment
of length r extending from x towards the enter of
the ball bi with x on its boundary. (If x lies on the
surfae of more than one bi, hoose one arbitrarily.)
Let S =
⋃
x∈H sx be the union of all suh segments, and
for eah i, let Si =
⋃
x∈Hi sx. Eah Si is a fragment of
a spherial shell of thikness r inside the ball bi. See
Figure 4.
Figure 4. Shell fragments used to bound the surface area of C.
For eah i, we have (after some tedious alulations)
vol(Si) =
(
ri
3
−
(r− ri)
3
3r2i
)
area(Hi) ≥ r
3
area(Hi),
where ri ≥ r is the radius of bi. The triangle inequality
implies that sx and sy are disjoint for any two points
x, y ∈ H, so the shell fragments Si are pairwise disjoint.
Finally, sine S ts inside a ball of radius R + r ≤ 2R,
its volume is O(R3). Thus, area(H) =
∑
i area(Hi) ≤∑
i 3 vol(Si)/r = 3 vol(S)/r = O(R
3/r). 
Lemma 2.6. Let U be any unit ball whose enter is in
C and at distane 2/3 from ∂C. Then U ontains Ω(1)
surfae area of C.
Proof: Without loss of generality, assume that U is
entered at the origin and that (0, 0, 2/3) is the losest
point of ∂C to the origin. Let U ′ be the open ball of
radius δ entered at the origin, let V be the open unit
ball entered at (0, 0, 5/3), and letW be the one whose
apex is the origin and whose base is the irle ∂U∩∂V .
See Figure 5. U ′ lies entirely inside C, and sine r ≥ 1,
we easily observe that V lies entirely outside C. Thus,
the surfae area of ∂C∩W ⊆ ∂C∩U is at least the area of
the spherial ap ∂U ′ ∩W, whih is exatly 4pi/27. 
U V
U’
W
Figure 5. Proof of Lemma 2.6
Theorem 2.7. Let S be a set of points in IR3 whose
losest pair is at distane 2, and let r be any real
number. Any point in S has O(r2) Delaunay neighbors
at distane at most r.
Proof: Let o be an arbitrary point in S, and let B
be a ball of radius r entered at o. Call a Delaunay
neighbor of o a friend if it lies inside B, and all a
friend q interesting if there is another point p ∈ S (not
neessarily a Delaunay neighbor of o) suh that |op| <
|oq| and ∠poq < 1/r. A simple paking argument shows
that o has at most O(r2) boring friends.
Let Q be the set of interesting friends of o. Every
point q ∈ Q lies on the boundary of a Delaunay ball dq
that ontains no points of S in its interior and also has
o on its boundary. It is straightforward to prove that
beause q is interesting and has distane at least 2 from
any other point, dq must have radius at least r. Let bq
be the ball onentri with dq with radius 2/3 less than
the radius of dq. Finally, for any point q, let Uq be the
unit-radius ball entered at q.
We now have a set of unit balls, one for eah
interesting friend of o, whose enters lie at distane
exatly 2/3 from the boundary of the Swiss heese C =
B \
⋃
q∈Q bq. By Lemma 2.5, C has surfae area O(r
2),
and by Lemma 2.6, eah unit ball Uq ontains Ω(1)
surfae area of C. Sine the unit balls are disjoint, it
follows that o has at most O(r2) interesting friends. 
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Theorem 2.8. Let S be a set of points in IR3 whose
losest pair is at distane 2 and whose diameter is 2∆,
and let r be any real number. There are O(∆3/r) points
in S with a Delaunay neighbor at distane at least r.
Proof: Call a point far-reahing if it has a Delaunay
neighbor at distane at least r, and let Q be the set
of far-reahing points. Let B be a ball of radius 2∆
ontaining S. For eah q ∈ Q, let fq be a maximal
empty ball ontaining q and its furthest Delaunay
neighbor, and let bq be the onentri ball with radius
2/3 smaller than fp. By onstrution, eah ball bq has
radius at least r/2 − 2/3. Finally, for any far-reahing
point q, let Uq be the unit-radius ball entered at q.
By Lemma 2.5, the Swiss heese C = B \
⋃
q∈Q bq has
surfae area O(∆3/r), and by Lemma 2.6, eah unit
ball Uq ontains Ω(1) surfae area of C. Sine these
unit balls are disjoint, there are at most O(∆3/r) of
them. 
Corollary 2.9. Let S be a set of points in IR3 with
spread ∆. The Delaunay triangulation of S has om-
plexity O(∆4).
Proof: For all r, let F(r) be the number of far-reahing
points in S, i.e., those with Delaunay edges of length
at least r. From Theorem 2.8, we have F(r) = O(∆3/r).
By Theorem 2.7, if the farthest neighbor of a point p
is at distane between r and r + 1, then p has O(r2)
neighbors. Thus, the total number of Delaunay edges is
at most
∆∑
r=0
O(r2) · (F(r) − F(r + 1)) = ∆∑
r=0
O(r) · F(r)
=
∆∑
r=0
O(∆3)
= O(∆4) 
2.3 Conjectured Upper Bounds
I onjeture that the lower bounds in Theorem 2.4
are tight, but Corollary 2.9 is the best upper bound
known. Nearly mathing upper bounds ould be
derived from the following onjeture using a divide and
onquer argument, suggested by Edgar Ramos (personal
ommuniation).
Let S be a well-separated set of points with losest
pair distane 1, lying in two balls of radius ∆ that are
separated by distane at least c∆ for some onstant
c > 1. Call an edge in the Delaunay triangulation of S
a rossing edge if it has one endpoint in eah ball.
Conjecture 2.10. Some point in S is an endpoint of
O(∆) rossing edges.
Lemma 2.11. Conjeture 2.10 implies that the Delau-
nay triangulation of S has O(min{∆3, ∆n, n2}) rossing
edges.
Proof: Theorem 2.8 implies that onlyO(∆2) points an
be endpoints of rossing edges. Thus, we an assume
without loss of generality that n = O(∆2).
We ompute the total number of rossing edges by
iteratively removing the point with the fewest rossing
edges and retriangulating the resulting hole, say by
inremental ipping. Conjeture 2.10 implies that we
delete only O(∆) rossing edges with eah point, so
altogether we delete O(n∆) = O(∆3) rossing edges.
Not all of these edges are in the original Delaunay
triangulation, but that only helps us. 
Theorem 2.12. Conjeture 2.10 implies that the Delau-
nay triangulation of n points in IR3 with spread ∆ has
omplexity O(min{∆3 log∆,n∆,n2}).
Proof: Assume Conjeture 2.10 is true, and let S be an
arbitrary set of n points with diameter ∆, where the
losest pair of points is at unit distane. S is ontained
in an axis-parallel ube C of width ∆. We onstrut
a well-separated pair deomposition of S [13℄, based
on a simple ottree deomposition of C. The ottree
has O(log∆) levels. At eah level i, there are 8i ells,
eah a ube of width ∆/2i. Our well-separated pair
deomposition inludes, for eah level i, the points in
any pair of level-i ells separated by a distane between
c∆/2i and 2c∆/2i. A simple paking argument implies
that any ell in the ottree is paired with O(1) other
ells, all at the same level, and so any point appears in
O(log∆) subset pairs. Every Delaunay edge of S is a
rossing edge for some well-separated pair of ells.
Lemma 2.11 implies that the points in any well-
separated pair of level-i ells have O(∆3/8i) rossing
Delaunay edges. Sine there are O(8i) suh pairs, the
total number of rossing edges between level-i ells is
O(∆3). Thus, there are O(∆3 log∆) Delaunay edges
altogether.
Lemma 2.11 also implies that for any well-separated
pair of level-i ells, the average number of rossing edges
per point is O(∆/2i). Sine every point belongs to a
onstant number of subset pairs at eah level, the total
number of rossing edges at level i is O(n∆/2i). Thus,
the total number of Delaunay edges is O(n∆). 
This upper bound is still a logarithmi fator away
from our lower bound onstrution when ∆ = o(
√
n).
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However, our argument is quite onservative; all ross-
ing edges for a well-separated pair of subsets are
ounted, even though some or all of these edges may be
bloked by other points in S. A more areful analysis
would probably eliminate the nal logarithmi fator.
3 Nice Surface Data
Let Σ be a smooth surfae without boundary in IR3.
The medial axis of Σ is the losure of the set of points
in IR
3
that have more than one nearest neighbor on Σ.
The loal feature size of a point x ∈ Σ, denoted lfs(x),
is the distane from x to the medial axis of Σ. Let S
be a set of sample points on Σ. Following Amenta
and Bern [1℄, we say that S is an ε-sample of Σ if the
distane from any point x ∈ Σ to the nearest sample
point is at most ε · lfs(x).
The rst step in several surfae reonstrution algo-
rithms is to onstrut the Delaunay triangulation or
Voronoi diagram of the sample points. Edelsbrunner
and Muke [22℄ and Bajaj et al. [7, 9℄ desribe algo-
rithms based on alpha shapes, whih are subomplexes
of the Delaunay triangulation; see also [25℄. Extending
earlier work on planar urve reonstrution [2, 23℄,
Amenta and Bern [1, 3℄ developed an algorithm to
extrat a ertain manifold subomplex of the Delaunay
triangulation, alled the rust. Amenta et al. [4℄
simplied the rust algorithm and proved that if S is
an ε-sample of a smooth surfae Σ, for some suÆiently
small ε, then the rust is homeomorphi to Σ. Bois-
sonnat and Cazals [12℄ and Hiyoshi and Sugihara [26℄
proposed algorithms to produe a smooth surfae using
natural oordinates, whih are dened and omputed
using the Voronoi diagram of the sample points. Further
examples an be found in [5, 6, 11, 15℄.
In this setion, we show that ε-samples of smooth
surfaes an have ompliated Delaunay triangulations,
implying that all these surfae reonstrution algo-
rithms an take quadrati time in the worst ase. We
will analyze our onstrutions in terms of the sample
measure of a surfae Σ, whih we dene as follows:
µ(Σ) =
∫
Σ
dx
lfs
2(x)
.
Lemma 3.1. For all ε < 1/2, every ε-sample of Σ
ontains Ω(µ(Σ)/ε2) points.
Proof: Let S be an arbitrary ε-sample of Σ. Amenta
and Bern [1℄ observed that |lfs(p) − lfs(q)| < |pq|
for any points p, q ∈ Σ. This observation implies
that for any point x ∈ Σ, we have |xp| ≤ ε lfs(x) ≤
ε(lfs(p) + |xp|) ≤ ε
1−ε
lfs(p), where p ∈ S is the sample
point losest to x. Thus, we an over Σ with irular
neighborhoods of radius
ε
1−ε
lfs(p) around eah sample
point p ∈ S. By similar arguments, the neighborhood
of p has area at least pi( ε
1−ε
(1 − ε
1−ε
) lfs(p))2, and any
point in the neighborhood of p has loal feature size at
most (1+ ε
1−ε
) lfs(p). It follows that eah neighborhood
has sample measure Ω(ε2), and sine there are n suh
neighborhoods, µ(Σ) = O(nε2). 
We say that an ε-sample is parsimonious if it
ontains O(µ(Σ)/ε2) points.
3.1 Oversampling Is Bad
The easiest method to produe a surfae sample with
high Delaunay omplexity is oversampling, where some
region of the surfae ontains many more points than
neessary. In fat, the only surfae where oversam-
pling annot produe a quadrati-omplexity Delaunay
triangulation is the sphere, even if we only onsider
parsimonious samples.
Theorem 3.2. For any smooth non-spherial surfae Σ,
any ε > 0, and any suÆiently large n, there is a
parsimonious ε-sample of Σ of size n whose Delaunay
triangulation has omplexity Ω(n2).
Proof: Let S be any parsimonious ε-sample of Σ. Let σ
be a small sphere interseting Σ in a non-planar urve,
where the distane from σ to any point os S is at elast
the radius of σ. Suh a sphere always exists unless Σ is
itself a sphere. Let α and β be extremely short segments
of the intersetion urve Σ ∩ σ that approximate skew
line segments. Straighten these urves slightly, keeping
them on the surfae Σ and keeping the endpoints xed,
to obtain urves α ′ and β ′. Finally, let A and B be sets
of |S| evenly spaed points on α ′ and β ′, respetively.
See Figure 6.
Figure 6. Parsimoniously oversampling a non-spherical surface.
The Delaunay triangulation of A ∪ B has omplexity
Ω(|S|2); every point in A is a Delaunay neighbor of
every point in B. Moreover, any Delaunay irumsphere
of A ∪ B losely approximates the sphere σ and thus
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exludes every point in S. Thus, S ∪ A ∪ B is a
parsimonious ε-sample of Σ onsisting of n = 3|S|
points whose Delaunay triangulation has omplexity
Ω(n2). 
The reonstrution algorithm of Amenta et al. [4℄
extrats a surfae from a subset of the Delaunay tri-
angles of the sample points. Their algorithm estimates
the surfae normal at eah smple point p using the
Voronoi diagram of the samples. The oone at p is
the omplement of a very wide double one whose apex
is p and whose axis is the estimated normal vetor at p.
The algorithm extrats the Delaunay triangles whose
dual Delaunay edges interset the oones of all three
of its verties, and then extrats a manifold surfae
from those oone triangles. Usually only a small subset
of the Delaunay triangles pass this ltering phase, but
our onstrution shows that there an be Ω(n2) oone
triangles in the worst ase.
3.2 Uniform Sampling Can Still Be Bad
Unfortunately, oversampling is not the only way to get
quadrati Delaunay triangulations. Let S be a set of
sample points on the surfae Σ. We dene the seond
sampling density of a point x ∈ Σ, denoted sd2(x),
as the distane from x to the seond losest sample
point, divided by lfs(x). We say that S is a uniform
ε-sample of Σ if ε/4 ≤ sd2(x) ≤ ε for all x ∈ Σ.1
Uniform ε-samples are also parsimonious ε-samples, but
with absolutely no oversampling. In partiular, the size
of any uniform ε-sample is Θ(µ(Σ)/ε2).
Lemma 3.3. For any n and ε >
√
1/n, there is a two-
omponent surfae Σ and an n-point uniform ε-sample S
of Σ, suh that the Delaunay triangulation of S has
omplexity Ω(n2ε2).
Proof: The surfae Σ is the boundary of two sausages
Σx and Σy, eah of whih is the Minkowski sum of a
unit sphere and a line segment. Speially, let
Σx = U+ (−w, 0, d + 1), (w, 0, d + 1) and
Σy = U+ (0,−w,−d − 1), (0,w,−d − 1),
where U is the unit ball entered at the origin,w = nε2,
and d = 4w/ε = 4nε. The loal feature size of every
point on Σ is 1, so any uniform ε-sample of Σ has
Θ((w+ 1)/ε2) = Θ(n) points.
1
There is nothing speial about the number 4 here; any
onstant c>2will do. However, as c approahes 2, the maximum
ε for whih a c-uniform ε-sample exists approahes zero.
Dene the seams σx and σy as the maximal line
segments in eah sausage losest to the xy-plane:
σx = (−w, 0, d), (w, 0, d) and
σy = (0,−w,−d), (0,w,−d).
Our uniform ε-sample S ontains 2w/ε+1 points along
eah seam:
pi = (iε, 0, d) for all integers −w/ε ≤ i ≤ w/ε, and
qj = (0, jε,−d) for all integers −w/ε ≤ j ≤ w/ε.
The Delaunay triangulation of these Θ(w/ε) = Θ(nε)
points has omplexity Θ(w2/ε2) = Θ(n2ε2).
Let γij be the ball whose boundary passes through
pi and qj and is tangent to both seams. This ball may
ontain other portions of the surfae, but we laim that
the intersetion is small enough that we an avoid it
with our sample points. The intersetion of Σx and γij
is a small oval, tangent to pi and symmetri about the
plane x = iε. Tedious alulation (whih we omit)
implies that the width of the oval is
2 tan−1
(
4djε
4d(d + 1) + (i2 − j2)ε2
)
<
4w
d
= ε.
See Figure 7.
Figure 7. Two sausages and a sphere tangent to both seams.
So Σx ∩ γij lies entirely within a strip of width 2ε
entered along the seam σx. A symmetri argument
gives the analogous result for Σy∩γij. We an uniformly
sample Σ so that no other sample point lies within either
strip. Eah segment piqj is an edge in the Delaunay
triangulation of the sample, and there are Ω(w2/ε2) =
Ω(n2ε2) suh segments. 
Theorem 3.4. For any n and any ε >
√
(logn)/n,
there is a onneted surfae Σ and an n-point uniform
ε-sample S of Σ, suh that the Delaunay triangulation
of S has omplexity Ω(n2ε2).
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Proof: Intuitively, we produe the surfae Σ by pushing
two sausages into a spherial balloon. These sausages
reate a pair of onial wedges inside the balloon whose
seams lie along two skew lines. The loal feature size
is small near the seams and drops o quikly elsewhere,
so a large fration of the points in any uniform sample
must lie near the seams. We onstrut a partiular
sample with points exatly along the seams that form
a quadrati-omplexity triangulation, similarly to our
earlier sausage onstrution. Our onstrution relies
on several parameters: the radius R of the spherial
balloon, the width w and height h of the wedges, and
the distane d between the seams.
Figure 8. A smooth surface with a bad uniform ε-sample, and a
closeup of one of its wedges.
Eah wedge is the Minkowski sum of a unit sphere,
a right irular one with height h entered along the
z-axis, and a line segment of length w parallel to one
of the other oordinate axes. The boundary of eah
wedge an be deomposed into ylindrial, spherial,
onial, and planar faets. The ylindrial and spherial
faets onstitute the blade of the wedge, and the seam
of the blade is the line segment of length w that bisets
the ylindrial faet. The loal feature size of any
point on the blade is exatly 1, and the loal feature
size of any other boundary point is its distane from
the blade. Straightforward alulations imply that the
sample measure of the wedge is O(w+ logh+ 1).
A rst approximation Σ˜ of the surfae Σ is obtained
by removing two wedges from a ball of radius R entered
at the origin. One wedge points into the ball from
below; its seam is parallel to the x-axis and is entered
at the point (0, 0,−R+h). The other wedge points into
the ball from above; its seam is parallel to the y-axis and
is entered at (0, 0, R − h). Let d = 2R− 2h − 2 denote
the distane between the wedges. Our onstrution has
1≪ w≪ d≪ h, so R < 3h.
To obtain the nal smooth surfae Σ, we round o
the sharp edges by rolling a ball of radius h/4 inside Σ˜
along the wedge/balloon intersetion urves. We all
the resulting warped toroidal pathes the sleeves. The
loal feature size of any point on the sleeves or on the
balloon is at least h/4. Sine Σ is star-shaped and
ontained in a sphere of radius R, its surfae area is
at most 4piR2 < 36pih2. It follows that the sleeves
have onstant sample measure. The loal feature size of
wedge points hanges only far from the blades and by
only a small onstant fator, so µ(Σ) = Θ(w+ logh+1).
To omplete the onstrution, we setw = nε2, d = 4nε,
and h = 20nε. See Figure 8.
Finally, we onstrut a uniform ε-sample S with
Θ(w/ε) sample points evenly spaed along eah seam
and every other point at least ε away from the seams.
Setting h > 5d (and thus R > 10d) ensures that the
Delaunay spheres γij between seam points do not touh
the surfae exept on the blades. By the argument in
Lemma 3.3, there are Ω(w2/ε2) = Ω(n2ε2) Delaunay
edges between seam points. 
3.3 Some Surfaces Are Just Evil
In this setion, we desribe a family of surfaes for
whih any parsimonious ε-sample has a Delaunay trian-
gulation of near-quadrati omplexity. First we give a
nearly trivial onstrution of a bad surfae with several
omponents, and then we join these omponents into
a single onneted surfae using a method similar to
Theorem 3.4.
Lemma 3.5. For any n and any ε <
√
1/n, there is a
smooth surfae Σ suh that the Delaunay triangulation
of any parsimonious ε-sample of Σ has omplexity
Ω(n2ε4), where n is the size of the sample.
Proof: Let P be a set ontaining the following k points:
pi = (ik, 0, k
2) for all integers −k/4 ≤ i ≤ k/4, and
qj = (0, jk,−k
2) for all integers −k/4 ≤ j ≤ k/4.
We easily verify that every pair of points pi and qj lie
on a sphere γij with every other point in P at least unit
distane outside.
Let Σ =
⋃
p∈P Up, where Up is the unit-radius sphere
entered at p. Clearly, lfs(x) = 1 for every point x ∈ Σ,
so µ(Σ) = 4pik. Let S be an arbitrary parsimonious ε-
sample of Σ, let n = |S| = Θ(k/ε2), and for any point
p ∈ P, let Sp = S∩Up be the sample points on its unit
sphere.
Choose an arbitrary Delaunay pair pi, qj ∈ P, and
let γ be a sphere onentri with γij but with radius
smaller by 1. This sphere is tangent to Upi and Uqi
but is at least unit distane from every other omponent
of Σ. Expand γ about its enter until it hits (without
loss of generality) a point p ′ ∈ Spi , and then expand it
8
about p ′ until it hits a point q ′ ∈ Spi . The resulting
sphere γ passes through p ′ and q ′ and has no points
of S in its interior, so p ′ and q ′ are joined by an edge
in the Delaunay triangulation of S. There are at least
Ω(k2) = Ω(n2ε4) suh edges. 
To reate a onneted surfae where good sample
has a ompliated Delaunay triangulation, we add
`teeth' to our earlier balloon and wedge onstrution.
Unfortunately, in the proess, we lose a logarithmi
fator in the Delaunay omplexity.
Theorem 3.6. For any n and any ε <
√
(logn)/n,
there is a smooth onneted surfae Σ suh that the
Delaunay triangulation of any parsimonious ε-sample
of Σ has omplexityΩ(n2ε4/ log2(nε2)), where n is the
size of the sample.
Proof: Intuitively, we reate the surfae Σ by pushing
two rows of regularly spaed unit balls into a large
spherial balloon, similarly to the proof of Theorem 3.4.
As before, the surfae ontains two wedges, but now
eah wedge has a row of small onial teeth. Our
onstrution relies on the same parameters R,w, h of
our earlier onstrution. We now have additional
parameter t, whih is simultaneously the height of the
teeth, the distane between the teeth, and half the
thikness of the `blade' of the wedge.
Our onstrution starts with the (toothless) surfae
desribed in the proof of Theorem 3.4, but using a ball
of radius t instead of a unit ball to dene the wedges.
We add w/t evenly-spaed teeth along the blade of
eah wedge, where eah tooth is the Minkowski sum
of a unit ball with a right irular one of radius t.
Eah tooth is tangent to both planar faets of its
wedge. To reate the nal smooth surfae Σ, we roll
a ball of radius t/3 over the blade/tooth intersetion
urves. The omplete surfae has sample measure
Θ((w/t)(1 + log t) + logh+ 1). Finally, we set the
parameters w = t2, h = t3, and R = 20t3, so that
µ(Σ) = Θ(t log t).
Let S be a parsimonious ε-sample of Σ, and let n =
|S| = Θ((t log t)/ε2). For any pair of teeth, one on eah
wedge, there is a sphere tangent to the ends of the teeth
that has distane Ω(1) from the rest of the surfae. We
an expand this sphere so that it passes through one
point on eah tooth and exludes the rest of the points.
Thus, the Delaunay triangulation of S has omplexity
Ω(t2) = Ω(n2ε4/ log2(nε2)). 
3.4 Randomness Doesn’t Help Much
Golin and Na reently proved that if S is a random set
of n points on the surfae of a onvex polytope, then the
expeted omplexity of the Delaunay triangulation of S
is O(n) [24℄. Unfortunately, this result does not extend
to nononvex objets, even the random distribution of
the points is proportional to the sample measure.
Theorem 3.7. For any n, there is a smooth onneted
surfae Σ, suh that the Delaunay triangulation of n
independent uniformly-distributed random points in Σ
has omplexity Θ(n2/ log2 n) with high probability.
Proof: Consider the surfae Σ onsisting of Θ(n/ logn)
unit balls evenly spaed along two skew line segments,
exatly as in the proof of Theorem 3.5, with thin ylin-
ders joining them into a single onneted surfae. With
high probability, a random sample of n points ontains
at least one point on eah ball, on the side faing the
opposite segment. Thus, with high probability, there
is at least one Delaunay edge between any ball on one
segment and any ball on the other segment. 
Theorem 3.8. For any n, there is a smooth onneted
surfae Σ, suh that the Delaunay triangulation of
n independent random points in Σ, distributed pro-
portionally to the sample measure, has omplexity
Θ(n2/ log4 n) with high probability.
Proof: Let Σ be the surfae used to prove Theorem 3.6,
but with Θ(n/ log2 n) teeth. With high probability, a
weighted random sample of Σ ontains at least one point
at the tip of eah tooth. 
4 Conclusions
We have derived new upper and lower bounds on the
omplexity of Delaunay triangulations under two dif-
ferent geometri onstraints: point sets with sublinear
spread and good samples of smooth surfaes. Our
results imply that with very strong restritions on the
inputs, existing surfae reonstrution algorithms are
ineÆient in the worst ase.
Our results suggest several open problems, the most
obvious of whih is to tighten the spread-based bounds.
Even the speial ase ∆ = Θ(n1/3) is open.
Another natural open problem is to generalize
our analysis to higher dimensions. Using the proof
tehniques in Setion 2.2, we an show that any
d-dimensional Delaunay triangulation has O(∆d+1)
edges. We onjeture that the total omplexity is
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always O(∆d) and an only reah the maximum
Ω(n⌈d/2⌉) when ∆ = Ω(n).
Our bad surfae examples are admittedly ontrived,
sine they have areas of very high urvature relative
to their diameter. An interesting open problem is
whether there are bad surfaes with smaller `spread',
i.e., ratio between diameter and minimum loal feature
size. What is the worst-ase omplexity of the Delaunay
triangulation of good surfae as a funtion of the spread
and sample measure of the surfae?
Our results imply that any Delaunay-based surfae
reonstrution algorithm an be fored to take super-
linear time, even for very natural surfae data. It may
be possible to improve these algorithms by adding a
small number of Steiner points in a preproessing phase
to redue the omplexity of the Delaunay triangulation.
In most of our bad surfae examples, a single Steiner
point redues the Delaunay omplexity to O(n). Bern,
Eppstein, and Gilbert [10℄ show that any Delaunay
triangulation an be redued to O(n) omplexity in
O(n logn) time by adding O(n) Steiner points; see
also [14℄. Unfortunately, the Steiner points they hoose
(the verties of an ottree) may make reonstrution
impossible. In order to be usable, any new Steiner
points must either lie very lose to or very far from the
surfae, and as our bad examples demonstrate, both
types of Steiner points may be neessary. Boisson-
nat and Cazals (personal ommuniation) report that
adding a small subset of the original Voronoi verties as
Steiner points an signiantly redue the omplexity
of the resulting Voronoi diagram with only minimal
hanges to the smooth surfae onstruted by their
algorithm [12℄.
Very reently, Dey et al. [18℄ developed a surfae
reonstrution algorithm that does not onstrut the
entire Delaunay triangulation. Their algorithm runs in
O(n logn) time if (loosely speaking) the density of the
sample points varies smoothly over the surfae.
Finally, are there other natural geometri onditions
under whih the Delaunay triangulation provably has
small omplexity?
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